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Preview

Many complex electric circuits can be reduced in complexity before
applying the analysis techniques of the previous chapter to them.

In this chapter we consider techniques which help reduce circuit
complexity.

Topics covered:

Source Transformations
Superposition

Thevenin and Norton Theorems
Maximum Power Transfer
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Source Transformations

Recall that it was easier to analyze a circuit using nodal (mesh)
analysis when the circuit has only current (voltage) sources.

Tt is generally helpful to reduce a circuit with mixed independent

voltage and current sources into one with only one type of source
before analysis.

A source fransformation is a procedure for transforming one
source into another while retaining the terminal characteristics
of the original source.
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Source Transformations

A source fransformation is a procedure for transforming one

source into another while retaining the terminal characteristics

of the original source.
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Source Transformations

The equivalence of the transformed circuits can be verified by
showing that the current flowing in a load resistor connected
between terminals a-b is identical for both circuits.

R
y a
¥ R . Us R R
@7 V2 = 2D 3
Q) b ;!

Mesh analysis: By current division:

. . I = Rsis - RS VS
-+ RJ+Ri=0 R R.+R  Re+R R.
or |= %s - >i = Vs

Rs+ R R Rs+ R
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Source Transformations

Example: Find the current i by reducing the circuit to the right of
terminals a-b to its simplest form using source transformations.

5 | 30 5 4
—AWA— AN MN M
1
2V 20 3y 5V
b
' step #3: circuit after transforming
'\ﬁ/\- a the 0.1 A source
5V 20 30 0.1 A 17
3 i
step #1: transform 3V source 38V
5
‘MW 5 step #4: circuit after combining
the two sources and the series
5V 12 01A resistors
o Finally, by Ohm's law:
step#2: combine parallel resistors i =38/17=0224 A
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Superposition in Circuit Analysis

In this course, we only deal with linear circuits: circuits build from
purely linear elements.

Consider a linear device that, if excited by current iy, will exhibit
response v, . Similarly, an excitation i, will cause response v, . Then
if we use an excitation iy + i, we will find aresponse v, + v, .

The superposition principle requires that the total effect of several
causes acting simultaneously is equal to the sum of the effects of

the individual causes acting one at a time.

The superposition principle may be restated in the context of a
linear circuit:

In a linear circuit containing independent sources, the voltage across (current
through) any element may be obtained by adding algebraically all the individual
voltages (currents) caused by each independent source acting alone, with all other
independent sources deactivated (i.e., all other independent voltage sources replaced
by short circuits and all other independent current sources replaced by open citrcuits).

In the above process, the independent sources are not affected and are treated as if they were not sources.
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Superposition in Circuit Analysis

Example: Find the current 7 using the superposition principle.

Solution:

r

au(j) ;‘5 I 6 C)Eﬂu

i
—

Portion of current due to voltage Portion of current due to current
source (deactivate current source): source (deactivate voltage source):
Iy =6/(3+6)=2/3A By current division: i,= (3)2) =2/3A
: Y 2" Gre)

By superposition principle: i = iy +i, =2/3+2/3=4/3 A
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Superposition in Circuit Analysis

Example: Find the portion of current due to the 24V source.

3 2
i
l
24\V!Cl[)—'\M #)7%
3 2

current source

24\ e decactivated
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Solution
Mesh analysis:
-24+51,+ 3= 0
I,=3A
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Thevenin's Theorem

The following is a method for the reduction of a portion of a complex circuit

into a simple circuit consisting of a voltage source in series with a resistor.
This simple circuit is called the Thevenin equivalent circuit.

The method is based on a theorem that was developed by M. L. Thevenin, a
French engineer, in 1883.

Given any linear circuit, we can divide it into two circuits, A and B, each
connected at the same pair of terminals a-b. If either circuit contains a
dependent source, it and its control variable must be in the same circuit.
We may then proceed to find the Thevenin equivalent for circuit A (or B).

Thevenin's Theorem:

For any circuit of resistance elements and enerqgy sources with an
identified terminal pair a-b, the circuit can be replaced by a series
combination of an ideal voltage source v, and a resistance R, where Vv
is the voltage across a-b (open-circuit voltage) and Rr’ is the ratio of
the open-circuit voltage to the short-circuit current at the terminal
pair.
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Thevenin's Theorem

(c)

(d)

Action

Identify circuit A Circuit
and circuit B. A

Circuit
B

Separate circuit A Circuit
from circuit B, A

AMA—
)

Replace circuit A
with its Thévenin
equivalent

W

Reconnect circuit B
and determine the
variable of interest
(e.g., current 1),

Circuit
B
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Finding the Thevenin Equivalent Circuit

Circuit Contains: Method for finding v, Method for finding R,

Resistors and independent Use nodal or mesh analysis  peactivate the sources and

sources. to find the voljrage Voc at find bey civcuit resistance
the open terminals a-b. :
reduction.
Then, set V; = Vo
Short terminals a-b and
find the current Ig¢.
V,
Then, R, = 2L
Isc
Resistors and dependent Use nodal or mesh analysis Short terminals a-b and
sources and independent to find the voltage V. at find the current isc.
sources. the open terminals a-b. (flowing from a to b)
) = V,
Then, set V; = Voc Then, Rt _ Joc
Isc
Resistors and Connect a 1-A current source
dependent sources only. Set Vi= Voc =0 l[’— flowing from terminal b to a
and determine V.
NOTE: This method for computing R; works also for the above R.-v
circuits as long as all independent sources are deactivated ¢ = Yab/1
Professor Mohamad H. Hassoun 12

Copyright 2000



Finding the Thevenin Equivalent Circuit

Example # 1 Find the Thevenin equivalent circuit for the following circuit.

10 4 :
CAA S AA——G 2 Solution:
R_ We can proceed directly to find the open
10V 40 2 A 1 =0dueto circuit voltage across terminals a-b:
open circuit
KCL at node c:
ab
V. -10 V% _
solving for v. yields: v, = -8 V.
10 A SiNce Vop = V., then vy = Vo= Vop = -8 V
M I AMA—ca
o From the circuit with deactivated
40 . .
4 T ‘_| . sources we find the equivalent
ob resistance: (10)(40)
.= = Q2
Ri=4+ 5720 12
12 Q
Note polarity W3
g,. 8V Thevenin Circuit
b
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Finding the Thevenin Equivalent Circuit

Example #2: Find the Thevenin equivalent circuit for the following resistive
circuit which includes a dependent source.

2i Solution:
W O } W Voc= Vab= 61
20V :) 6 KVL around mesh with current i:
-20+6i-2i+6i=0o0oriz2A
0 Therefore,
Voc=6iz12 V

21
10

6
wA—C > AM—
N l;‘ The next step is to determine the
20V t) q 6 q ¢ short-circuit current:
b

Mesh1: -20+6i-2i+6i=0
Mesh 2: - 6i + 10i, =0

1360 _ A :
AMN—C with 1=ig-ip and iy = ige
12 V(*l_r) Thevenin Circuit Solving for ise yields: isc= 120/136 A
v 12
Then Ry = —= = - 1360
ob MR Tse T120/136
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Finding the Thevenin Equivalent Circuit

Example #3: Find the Thevenin equivalent circuit for the following resistive
circuit which includes a dependent source but no independent

2i

sources.

G

Solution:
Voc =101

KVL: -21+51+10i=z=0 or i=0

This is always the case
—| for circuits with no
independent sources

This means that [Voc = O}

In order to find R, we insert a1 A
independent current source as

2i 10 1A shown to the right:

_ KCL at node avyields:

b _ 2 v

V°52' + 1?) =1 with va=vgp = 10i
o = 2 Solving for Vqyields: V4 = 50/13 V
- Thevenin Circuit Vab

50/13% Then Ry = OT = 50/13

ob

Note: The Thevenin resistance can be negative in circuits with
dependent sources; Refer to P5.4-5 (page 208) of your textbook.
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Your turn: Determine the Thevenin circuit looking into terminals
a-b. (Ans. 2() resistor.)

:

*

T S SR LS T
O
= o

T S T S S G T T N TN [
% IH
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Norton's Equivalent Circuit

The Norton equivalent circuit can be easily obtained from
the Thevenin equivalent circuit by a source transformation:

R; o
P O
. (¥}
- —> I“:Ri: ) §Rr
)

b b

Alternatively, the short-circuit current and the equivalent
resistance may be computed directly in a similar way as
was just illustrated for the Thevenin equivalent circuit.
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Norton's Equivalent Circuit

Example:  Find the Norton eqauivalent circuit.
ffﬁ a Solution:
, . Vv Vﬂc: ab- - 25(10” = -250i
oY . 01 $%  Teb yyL:-5+500i - 250i = 0
i ° or i=20mA
Now, v,.= -250i= -5V
500 a
WA When a-b is shorted, then v = 0.
5V Vab 10/ 25 i and i = - 10i
-~ Next, i can be determined from the
b mesh equation:

Qa2 -5+5001+0=0 ori=10mA
ioo= ) 00 Therefore, i .= -10i=-01A
01A - Voc _ -5

Finally, R = == =—2=50Q

Qb s -~ 0.1
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Maximum Power Transfer

The problem of maximum power transfer has to do with designing a circuit
and its load resistance R| so that the source delivers maximum power to the
load resistor.

Circuit A

O
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Maximum Power Transfer

Consider the signal received at the antenna of an FM radio receiver. It is the
engineer's goal to design a receiver so that the maximum power ultimately ends
up at the output of the amplifier circuit (the speakers which are modeled by a
load resistor R| ). Thus we may represent the antenna and amplifier circuit by
the Thevenin (or Norton) equivalent circuit shown below.

Ry

E Electronics Warkbench

G R

We wish to find the value of the load [R| such that the maximum power is
delivered to it. We assume that v and /7, are fixed.
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Maximum Power Transfer

We wish to find the value of the load RLsuch that the maximum power is
delivered fo it. We assume that V. and RL are fixed.

Ry

= R

The power delivered to the load resistor is given by: p= ijL

: vV,
Since the current is l =
R; + R, 5
VS
we find that P = RL
Professor Mohamad H. Hassoun 21
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Maximum Power Transfer

The maximum power delivered is thus a function of RL' To find the value of RL
that maximizes the power, we differentiate the power and set the derivative to
zero. Then we solve for RL' as illustrated next.

dp (R, +R; )2 -2(R, +R; )R,

—

I vS 1
dRL (Rt T RL )

The derivative is zero when:

(R,+R; ¥ -2(R, +R, )R, =0

Solving we obtain: RL = Rt

Your turn: To confirm that power delivered is maximized we check the
second derivative of the power and show that it is negative at R = R
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Maximum Power Transfer

RL =RI

The maximum power is transferred to the load when the load resistance is
made equal to the Thevenin equivalent circuit resistance.

The maximum power is then obtained by substituting RL = Rr in

v i
| Vs | R
P2\R, +R )

This leads to:

7

-
VS RL _ VS

2R, ) 4R,

Pmax = (
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1.0

0.75

Pmax

0.50

0.25

| | R

O
O 0.5 1 1.5
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Maximum Power Transfer
Result based on Norton's Equivalent Circuit

.2
P _ ISRL
max
4
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Maximum Power Transfer
Efficiency of power transfer

The efficiency of power transfer is defined as the ratio of the power
delivered to the load to the total power supplied by the source

_ DPous  Dower delivered toload

"
P, power generated bysource

Vs

= V=V
pf?i‘ § S(Rf_I_RL) RL

For maximum power transfer R = Ry: J
2
V>
s
Pin = Vs e
2R, )
Vs
p out — pmax _ O
4R,
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Maximum Power Transfer
Efficiency of power transfer

7

|

A

p = Pout _ MEL _1
p:';z V; 2
2R,

v

1
=5

Therefore, only 50 percent efficiency can be achieved at maximum power transfer

conditions.
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Maximum Power transfer

Example: Find the value of R for maximum power transfer.

10 c 4

AMN— AV

10V 40 2 A RL

First, eliminate the load resistor and determine the Thevenin resistance
of the remaining circuit (Inoking into terminals a-b). Earlier analysis of
this circuit }rlelded —

12 Q
'W'h =k
10V gV Thevenin Circuit
O b RT ob

Therefore, for maximum power transfer we require:

RL: 12 Q&
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Maximum Power transfer

Example: Find using Workbench the value of R for maximum power transfer.

2 Val:}

5 &S

R

6 Q 2 Vab
a
' We will use Workbench

to determine the open-
circuit voltage and the
Thevenin resistance.

O b

Professor Mohamad H. Hassoun 29
Copyright 2000



Maximum Power transfer

Example: Find using Workbench the value of R for maximum power transfer.
Also, find the maximum power delivered to the load.

Thevenin resistance:

Workbench results: g
{— Rt: oc :12:]_25}

i lec 1
L T Voc= 4 Ri=120 a
| ®
- 9 Ry
= T lsc = =31 ~
’ Therefore, for maximum power
transfer, we set R to 120
Maximum power delivered: 2 2
Prax = Vs __12 .3y
Your turn: max ~ T (4Y(12)
Solve it by hand 4RL (4)12)
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Maximum Power transfer Example (cont.)
Alternative Method for Finding Ry}, Employing Workbench @lElectionics woikbench |

ﬂ Electronics Workbench x|
Eile Edit Circuit Window Help

[
O

EIEERN A e el bR [ Seadyswe [l
B e SR ) 3] T 0

B Passive X|| CIRCS-1.CA4 =l

= N

’ _

[izo W

K _ of
X

ﬂ Descrption

The Thewvenin resistance is 12%11A =12 Ohms. Note how the independentvolatge source was deactivated by replacing it
with & short circuit (w=0).

DL et @) == ©-© O k-

1
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Your turn: How would you connect 80 batteries so as to give maximum
power in a load resistor, R = 0.1Q1? Assume that each battery 1s modeled
by an 1deal 1.5 Volt source in series with a 0.02 () resistor. What 1s the
power delivered by the source in this case?

Share your analytic solution with your professor.
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