Chapter 8

The Complete Response of
RC and RL Circuits
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Preview

In this chapter, the analysis of switched circuits with
resistors, sources, and a single energy storage element
(capacitor or inductor) is covered.

Nodal (or mesh) analysis of circuits that contain capacitors
and inductors results in differential equations (as opposed
to algebriac equations as in the case of resistive circuits).

Linear circuits with a single enerqgy storing element can be
represented by a first-order linear differential equation.
These circuits are called first order circuits.

The solution for node voltages and branch currents of
such circuits requires the solution of the corresponding
differential equation.
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Response of a first-order RC Circuit

t=0 R i(t)
—

V) c ]1— V()

Find v(¢) for t > 0. Assume v(0)is known.

Mesh analysis: — Ve +Ri+v=0 with i= C@
dt
Theref Doy
eretore, RC E‘H’ = Vs First-order linear
dif ferential equatiuon
or @—I— : -V = : -V Equation can be solved if Vgis
dr  RC RC specified
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General Solution of a First-Order Differential
Equation with Constant Forcing Function (input)

%m.r:f(r) with f(t)=K (1)

(note that: x=x(¥))

The complete solution is the sum of the homogeneous

solution and the particular solution: Note: in circuits language, ),

corresponds to the natural
response, and X,, corresponds
to the forced response.

X=X+ X,

The homogeneous solution is determined as the solution
to the differential equation in (1) with f(H =0,

dx

—+ax=0 2

PR (2)

Using the differential operator method, one can find the
characteristic eugation for (2) which leads to xy,.
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General Solution of a First-Order Differential
Equation with Constant Forcing Function (input)

The homogeneous solution:
dx
—+ax=20 2
o (2)

Using the differential operator method, one can find the
characteristic eugation for (2) which leads to xy,.

3
d"x ) dx
5 e x—1
dr- dt
Characteristic
Hence, @4_ ax= 0 > s+a=0 o Equation

dt
/Solvmg:
§ =-a The constant A can be
g;:;eﬂ _ JVde’rermmed from the 1.C.,

1 as shown later
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General Solution of a First-Order Differential
Equation with Constant Forcing Function (input)

The particular solution x,, = ?

The particular solution is a function that satisfies the original
differential equation in (1). The following table lists the
general solution for various f(#)

f (0 ¥p
K B
Ke_b‘: b=a Be Y
Ke_br,b =a Bte Pt
Ksin(wt) or K cos(wi) By cos(wi) + By sm(wt)

For the constant forcing function: f(H)=K
The particular solution is a constant: x, = B

Finding B is illustrated in the next slide.
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General Solution of a First-Order Differential
Equation with Constant Forcing Function (input)

For the constant forcing function: f(H)=K
the particular solution is a constant: x, = B

We now substitute x,, = Bin the differential equation

p =
drp i %
E—I—ﬂxp: K or Q+aB =K or B=2

Therefore,

K
Xp =2
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General Solution of a First-Order Differential
Equation with Constant Forcing Function (input)

Now we are ready to write the complete solution for the

first-order differential equation ?—F ax=K| as
i

Ae_m + K

X=Xp+ Xy = >

Finally, the initial condition x(0) (assumed known) is used to solve
for the constant A,

_ 4,"00, K _ K
xQ)= Ade "+ o A + =

or A =xQ)— %

The complete solution: | x(£)=[ xQ) — % Ca % fort =0
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Complefe Response for the Series RC Circuit

o AM—s
V(f)

(1)

—h-.-

v(t)

T

/‘ Initial voltage: v(0)

We have previously determined the following equation for the capacitor

§+ ax=K
dt

voltage:
dv+ || § - -
dr RC RC 5 Which upon comparing To
Leads to: v=x a= 1 K - 1 v,
RC RC
—_f
v()=[v0) - V. Je RC+ v, fort =0

M0)=[x0) - £ 17

+ £ fort=o0
l
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Complete Response for the Series RC Circuit

(=0 R Igz
v () (,‘1 v(£)

Natural response: v,,(t)
Forced response: v, (t)
Transient response: vy,.(t)
Steady-state response: v (t)

-1
v(t)=[v0) — Vs Je Bl |v | forz =0

ﬁR
v(t) = v,(t) + v () -

, — Forced Response
Natural Response When the circuit 1s | This is the steady-state
Decays to zero Stable; i.e., when the| response of the circuit.

for large time. | natural frequency 1s j Vr = VUss
UV, = Vpr negative § < 0

Professor Mohamad H. Hassoun 10
Copyright 2000



Time Constant of an RC circuit

£=0 R i(t)
—

AN
J— V()

™
Tl

O

-1
V(i) =[v0) - Vs Je BC+ v,  foriz=o0

The decay rate of the natural response is

determined by the constant RC. Note that the

unit for RC is:

(ohm)(Farad)=(Volt/Amp)(Coulomb/Volt)=

Coulomb/Amp =
Coulomb/(Coulomb/sec) =

Professor Mohamad H. Hassoun
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Time Constant of an RC circuit

t=0 5 10
v () c ,‘1— v;(r)

A

— ¢

v(£)=[v0) - Vg ]e RC v, forzz=0

We define the time constant of this
circuitas: T =R(C

. =0
Note That the na’rur}response drops to 0.368 [= exp(-1)] of its initial
value for f = 7, and drops by about 95 percent [exp(-3) = 0.0498] for
[=37.

The forced response of the series RC circuit [set v(0) = 0] 1s given by

t
V;(1 — e krc). Which indicates that in one time constant the capacitor

12
charges to 1 —é = 63.2% of its final value, V.



How fast does a Capacitor Charge ?

‘ 05 R i(£)
- Zero charge assumed at time zero
v () v(f)
— I
1’(;) =V, [1 - eRC ort >
|’V( )—O 5 [ ] f f s O
Plots of v(#)for different time constants.
T=RC
Vg =1 L3 | | |
\J T=05 Conclusion: The smaller the

1 —

time constant is (i.e., the
smaller R and/or C) the faster
the capacior is to charge.

o |/

I o B —
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Complete Solution as Superposition of two responses: one due to the initial

voltage across the capacitor and the second is due to the voltage source
(=0

Vv, (’_’) (’T W6)

Nl

it
v =[v0) - VyJe RC+ v, fort =0

—L Zero-state response V,s(t)
V(1) = Vs[1 - e %] or Zero-nitial stored energy
v(0)=0
_ ¢ response
v(1) - RC _
V=0 vOe T S — Zero-input response v,;(t)

Note that the principle of superposition is satisfied, since

v(n=vn| o= O o= v+ ()
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Example: RC Circuit Complete Responce

Find the capacitor voltage after
the switch opens in the following
circuit. Assume that the switch
was closed for a very long time.

Solution:
Att= O, the capacitor is
connected in parallel with the
2 V source. Therefore, v(0 ) =2 V.

The circuit for >0 is a standard
series RC circuit. Therefore, the

complete solution is given by
iy

()= [v0) - Vg Je RC+ v,

fort =0

10 kQ

8V Ci) 2 uF == v

Now because of capacitor voltage continuity property, >0
we have v(0") = v(0)=v(0") =2 V. Also, V, = 8and RC = 002 s.

Therefore, —1

v(i)= 8 — 6e 02 olts fort =0
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Example: RC Circuit Complete Responce
— I
v(t)= 8 — 6e 92 Volts for ¢ >0

Complete response
10 I

V()

|

Value of 4 |
cupacn‘raﬁ\ | _

voltage |

|

|

before 2 t=7=002
switching T [ |
0 | | |
-0.05 0 0.05 0.1 0.15
7, ms
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Thevenin (or Norton) Analysis Simplifies
first-Order RC Circuit Analysis

Resistors,
sources, and a
single switching
action at ¢,

Resistors,
sources, and a
single switching
action at ¢,

—

l i() O ‘ i)
I, Ry |
—

Both equivalent circuits are
dx described by the first-order
E+ ax= f() cifferential equation on the left,
with x = v(¢) or i(1).
Professor Mohamad H. Hassoun 17
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First-Order Circuits Analysis Examples

Example #1:

Find the inductor current

after the switch closes in the 4{{1 A
following circuit. How long

does it take for the inductor

current to reach 2 mA?

1000 Q&R

Solution: First, note that i(0%) =i(07) = 0 A.

Apply KCL at top node: %4_;‘:15 with v= Lé

dt

which leads to £é+ i=1I; or ﬂ.,. R = Ejj_ (fzolrrpﬂ,m fo The,
R di dr I I ollowing equation
and its associated
R solution
I(I)Z[I(O)_IS]Q -L +I.S’ fOl"f;’,O _T+ ax:K
dt
I The unit for L/R is ] - _at .
(we define 7= —) ot sec, x(1)=[ x0) - % le ™+ f_: fort =0
R % ﬁ = sec.
Amp
Professor Mohamad H. Hassoun 18
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First-Order Circuits Analysis Examples

Example #1: (cont.) :>{
P

Find the inductor current
. . I
after the switch closes in the 4 A 1000 £1§R
following circuit. How long
does it take for the inductor I
current to reach 2 mA?
Solution: -
olution: i) =[i(0)—Is]le L +1; fort =0
i(0M)=i(0")=i(07)=0 A,

L -
T= z = 0.005/1000 = 5x106= 5 is

N
)= 4 - 4¢ 5 mA fort=0 (timetisinys.)

To find the time when the current reaches 2 mA, substitute #(#)=2 mA. Then
.

2=4_— 4 5 MA
Solving for f gives f = _Bxln2-4-
9 9 XIn ) 347 us.
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On Energy and the Time Constants RC and L/R

The unit for the quantities RC and L/R is that of time (seconds) The
t
exponential term e r that appears in the response of RC (with 7 = RC)

and RL (with 7 = L/R) circuits is independent of the input source. It is
referred to as the natural mode of the circuit. If we assume no source
driving the circuit and that the circuit starts with some initial voltage
across the capacitor, v.(0), (or the inductor's initial current is i, (0))
then the response of the RC and RL circuits will be given by,

respectively,
(X
ve(t) = vgp(t) = vC(O)e_R_tC and i, (t) = ix(t) =i, (0)e L/R

The initial energies are w.(0) = éwg (0) for the capacitor and w, (0) =
%Lif (0) for the inductor. The energy dissipated in the resistor at

time 7 (i.e., after the circuit operates for one time constant, ) will be
TR — 1,2 1 -112 = 1,2 1) ~
RC circuit: we(r) = 2Cv(0) — 2 C[ve(0)e 117 =2 Cv2(0) (1 - %) = 87% of w¢(0)

RL circuit: w; (1) = = LiZ(0) — - L[i; (0)e~*]? = ZLi?(0) (1 - ;—z) =~ 87% of w,(0)



Analogy between RC, RL and Mechanical Circuits

Consider the translational mechanical system (circuit) shown below where
an object connected to a linear spring exhibits viscous friction as it is
moved due to a force f(t) acting on the object. Let M be the mass of the
object, v(t) be its velocity, K be the spring constant and B is viscous
friction (due to a thin film of oil placed between the object and the track).
From Newton's second law of motion, we have the following governing
equation:

dv

M— + Bu(t) +Kfu(t)dt = £(t)

1._-—- ¥(1)

B XXXXKAXAK

An electric circuit that is analogous to the above mechanical system is
shown above. The circuit is governed by the integral-differential equation
(by KVL):

di(t)

1
LT-FRi(f) +Eji(t)df = Us(f) 21



Analogy between RC, RL and Mechanical Circuits (cont.)
By comparing the above equations we observe that the following quantities
are the analog of each other

ML BeR KH% v(t) e i(t) f(t) e v(t)

Therefore, the mechanical analog of the source-free RC circuit (with initial
capacitor voltage) is as depicted below. The mechanical system has no
external force f(t) acting on it. We assume it has an initial potential energy
(stored in the spring) due to an initial displacement of the mass to the
right of the equilibrium point. Therefore, both circuits store initial

potential energy of ;EVUZ (electrical potential) and éKxE (elastic energy).

i(t)

+ —_—
|Negligible
Ve (t) C R mass
B XXXXXXXX)
ve(0) =Vy x(0) = x,
Professor Mohamad H. Hassoun 22
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Analogy between RC, RL and Mechanical Circuits (cont.)

B XKXAXXKXD

ve(0) = Vo x(0) = x,

The initial capacitor's electric potential energy (i CVy§) is dissipated in the

resistor after the switch is closed. This is analogous to the situation where,
in the mechanical system, the object is let go and the elastic potential
energy in the spring is consumed by friction. We have assumed that the
object has negligible mass so that no energy is converted to kinetic energy
in the mass. This is analogous to the assumption that the circuit has no
inductance.

We would expect that as the viscous resistance B increases in value, the
slower will be the rate of dissipation of the potential energy: the mass will
be moving slower thus preserving potential energy for longer time.
Equivalently, for the RC circuit, we would expect that the energy stored in
the capacitor will dissipate in the resistor at a slower rate as the

resistance R is increased. We can see that mathematically from the

2
expression of capacitor stored energy at time t, we(t) = %CVOZ (e_ﬁt): The

2
larger R is, the larger is the term e & is and, in turn, the larger the
remaining capacitor energy is going to be.

23



Analogy between RC, RL and Mechanical Circuits (cont.)

A source-free RL circuit [with initial current i; (0) = I,] and its equivalent
mechanical system are shown below. The system has no spring attached and
the mass is assumed to have an initial velocity v(0) = v,.

i(t)
}_1_’_(9_] =ils
L R
B XXX XAXAAK
i(0)=1, 7

The initial inductor's energy (iLIS) is dissipated in the resistor. This is

analogous to the situation where, in the mechanical system, the object's

kinetic energy (%Mvﬂz) is consumed by viscus substance. We have assumed

that the object is not connected to a spring. This is analegous to the
assumption that the circuit has no capacitance.

We would expect that as the viscous resistance B increases in value, the
faster will be the rate of dissipation of the potential energy. It is like you
apply the brakes harder your car will stop quicker. Equivalently, for the RL
circuit, we would expect that the (magnetic flux) energy stored in the
inductor (analogous to kinetic energy) will dissipate in the resistor more

quickly as the resistance R is increased. We can see that mathematically in

2R
the expression of stored inductor energy at time t, %Lfﬂz (e_Tt): The larger

2R
. . =20 . ..
R is, the smaller is the term e 7" is and, in turn the smaller the remaining

inductor energy is going to be. (Can you see why the time constant for an 24
RL circuit is L/R and not RL?)



First-Order Circuits Analysis Examples

Example #2: t=0
Find the capacitor voltage after
the switch closes. Assume that _ _
the circuit is in steady-state w W .
before the switch closes.
Solution: 12V 60 kQ uF == vt
Before the switch closes and by
voltage division, we find the initial ©
capacitor voltage as /\ 40 kQ
v(0) = (60)(12) /(10 + 30 + 60) = 7.2 V MWA——

For positive time, the switch is closed and the

10k resistor is shorted. V. and Ry}, are determined

from the following two circuits, respectively.

12*4(1)

» L
30 kQ 30 kQ
MA——0 — AAN—e——
60)(12) (30)(60) :
V = (— = - — =
12V aomg b = 5oer® BV 6om§ Rth =505 25 = 200
» L » {2

Professor Mohamad H. Hassoun
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First-Order Circuits Analysis Examples

Example #2: (cont.)

20 k€2
Therefore, the circuit may be —MA—0
replaced by its Thevenin - i l -
equivalent circuit as shown here. 8V (—) 2HE s VU
with v0)=72V, T

We already know the solution for the capacitor voltage for such a series
RC circuit with a constant voltage source

— L
v()=[v0) - Vg Je RC+ v, forfzo0
with \ = Ve and R = Ry,

Hence, the solution after substituting all known values is given by
—L

v(£)= 8 — 0.8¢ 9% volts for ¢ =0 (time measured in sec)

Note that circuits with energy storing elements and resistors are always stable.
This is because the time constant 7 = RC is always positive and therefore leads to a
decaying natural response due to the exp(-#/RC') term.

Professor Mohamad H. Hassoun 26
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The Direct Analysis Method

Example #2 revisited

The direct analysis method consists of the direct application of nodal
and/or mesh analysis for finding the differential equation describing a
circuit element voltage or current. It does not use formulas to solve
the differential equation; it involves solving the differential equation

starting from basic principles. The initial conditions are obtained from
the circuit at t = 0~ and 0.

As we did earlier, the initial condition was determined: v.(0") = 7.2V.
Next, we analyze the circuit at t > 0 using nodal analysis:
30 kQ

12V = v.(t)

ve — 12 V¢ o dVvc dv,
30,000 * 60,000 +(2)10 dt 0 dt + 25v, = 200

Professor Mohamad H. Hassoun
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The Direct Analysis Method
Example #2 revisited

The next step is to solve the differential equation:

v
d—f + 25v, = 200 with v,(0) = 7.2

The forcing function is constant (200). Therefore, the forced
response is v;(t) = B. Substituting v,(t) in the differential equation

allows us to solve for B,
0+25B=200—-B=8
The characteristic equation is s + 25 = 0. Therefore, the natural
frequency of the circuit is s = =25, leading to the natural response,
v, (t) = Ae %5t

Applying the initial condition v.(0) = 7.2 to the complete response:

vc(0) = 1,(0) + v,(0) = 4e @ +8=44+8=72->4=-08
Finally,

v-(t) =8 — 0.8 %, t>0

Professor Mohamad H. Hassoun 28
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Your turn: Repeat the

analysis using the
First-Order Circuits Analysis Examples direct method

Example # 3 AAN—e o
Find the capacitor voltage for 10 kQ
positive time. Assume circuit is in 5 kgg
steady-state before closing the
-acy f I v (@) 2 > 2 uF 2= ()
switch. E ,
Solution: f=0
Since the input to the circuit is a ¢
constant, then the capacitor acts as ' 7
open circuit in steady-state. o)
10 kQ2 +

KCL at fop node: -i+2i=0 oriz0.
Therefore, there is no voltage drop across 12V 21 v0)
the resistor. Hence, v(0") = 12 V

t=0
Next, we determine the Thevenin equivalent circuit for the part of the circuit
connected to the capacitor. This requires two computations. One for the open-circuit
volatge and the other for the Thevenin resistance. These computations are
illustarted next

Professor Mohamad H. Hassoun 29
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First-Order Circuits Analysis Examples

Example # 3: (cont)

i)
KVL for the loop consisting of the two /\ '\_-.M‘
resistors and the voltage source 10 kQ
10000i + 5000(i - 2i) =12 12v{?

ori=24 mA.

Then, using Ohm's law:

Voc = 5000(| - 2I) =-5000i=-12 V

R4}, is determined by inserting a /

constant current source It at the
output node of the circuit and by
deactivating the independent source

5 kQ

O +
l i(8)-2i(d)

Voc

O-

Y -
5 kQ Vi It

Now, apply KVL to the loop consisting
of the two resistors

10000i + 5000(i -2i + I;) = O or i = - I

Applying Ohm's law to the 5K resistor, we
get VT = SOOO(IT +i - 2i) = 10000 IT
The Thevenin resistance is Ry, = VT /IT = 10kQ

Professor Mohamad H. Hassoun
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—AM—
(+ Resulting Try nodal analysis
“12VA-/  Thevenin |to find R
Circuit
Q
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First-Order Circuits Analysis Examples

Example # 3: (cont) 10kQ

From the preceding analysis we arrive at the ANA—
reduced series RC circuit shown to the right.

Recalling that the initial capacitor voltage was

(i) —12V 2 uF ==

~ Vi)

O

12 V, and the time constant RC = 0.02s we
can substitute these values in the expression
for the complete response that was derived

earlier to get _ ¢
v(iH)=[v0) - Vg ]e RC | v, fort=o0
—L
or  v(1)=[12 - (-12)]e 9% +(-12) fort =0

t

or y(i)= —12 + 24¢°°" fort=0

Verification: v(0) = 12 and v() = —12

The presence of the dependent source in an RC circuit can lead
to an unstable circuit, where lim v(t) = co. Study Examples 8.5-1

and 8.5-2 (pp. 340-342) in your textbook (Svoboda, 9™ edition).
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Linearity Revisited:
Additional Properties of Linear Circuits

Consider the following linear circuit that responds with y(t) (a current or

voltage signal) to the mput signal f(t):

f(t)y=>

ljnea;‘
circuit

= y(t)

Properties of Linear Circuits:

(1) Homogeneity (scaling) Property

Given,

f(t) > == Y(t)

(1)  Superposition:

Given f(1) =>>

and  f(t) =>

Then: f(O)+1(t) =>

then.

af(t) = =>ay (1)

= Y1)

= ¥

=> v (1)+y(0)

32



Linearity Revisited:
Additional Properties of Linear Circuits

Additional Properties of Linear Systems

Assume y(t) 1s given as the response of the linear system for mput f(t).

f(t) => == Y(1)

Time-Shift:

f(t—a)— - y(t—a)
a>0

Differentiation:

ar(t) | ., @
dt dt

Integration:

fot—- f(dt - - | d y(t)dt

33



The Unit-Step Function

u(t)

1ift>0
u(t) = {0 ift<0 1

e
~

Mathcad employs the symbol ®(t) for the unit-step function,
with ®(0) = 1. So, Mathcad assumes u(0) = 1.

Multiplication of f(t) by u(t) leads to a signal:

f()t>0
u(t) =
fou =",
" Ho)u0)
/-h
) ¢ 3t
Professor Mohamad H. Hassoun 34
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The Heaviside step function, or the unit step function, usually
denoted by u(t), was introduced by Oliver Heaviside (a British
Physicist, mathematician and pioneer electrical engineer;
1850-1925). The function was originally developed in
operational calculus for the solution of differential equations.
Oliver Heaviside, who developed the operational calculus as a
tool in the analysis of telegraphic communications,
represented the function as 1.
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The Pulse Function

Pulse(t)

— 3t

0

Representation of Pulse(t) using unit-step functions:

Pulse(t) = b[u(t) — u(t — a)] = bu(t) — bu(t — a)

Puffe(t)
by
) -
)t
)
— bu(t — a)

Professor Mohamad H. Hassoun
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Mathcad Representation of Piece-Wise Signals

Programming [E

CAddLin® &

—— —

—t . I\E* Cotherwise)
f(t) := |—4e ifo<t<1 o e

2t—4 if 2<t< 4 break  continue

0 otherwise return on error

Use the right bracket key “|” or “Add Line” from the Programming Menu
to insert the vertical line. Also, “if” and “otherwise” are obtained from the

Programming Menu.

Alternatively, one may express f(t) employing the “if” statement:

if (domain, function in domain, function outside domain)

f(t) := if(o <t< 1,—4e_t,if(2 <t< 4,2t- 4,0))

N Nesting

/.’

) I

4
9 0 J |
/

400 1 2 3 4 5t

Professor Mohamad H. Hassoun
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Example. Express the following function employing unit-step functions.

f():= |4etifo<t<1
2t0-4 if2<t<4

0 otherwise

f)= —de ult)—ult-1]+ Qt—4)[u(t—2) —u(t—4)]

Employ Mathcad to recreate the
plots on Slides 37 and 38 employing

Mathcad generated plOT' the three different representation
' of f(t).
u(t) = d(1) Submit as part of Assignment 8

£(t) == —4e “(u(t) —u(t— 1)) + (2t — 4)-(u(t = 2) — u(t — 4))

LV
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Example: Plot the voltage source signal: v,(t) = 10 — 7u(t)

u(t) := O(t)
vs(t) := 10 — 7u(t)
12
10
8
vs(t) 6
4
2
0
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First-Order Circuit Analysis Examples

Example # 4 (Multiple switching) S[u(f) - u(t - 0.2)] A where () is the unit
Find the inductor . ol
current. Assume that 's i Mathead l i(f)
the initial inductor 5A

current is zeroat £ = 0. | 2Q 0.2 H

This circuit behaves as if it had a switch in series with the current source that
has been open for a long time and closes at 7 = 0.
Then the switch closes for 0.2 sec and opens at t = 0.2 s.

Solution:

We first consider the first switching action. The complete response is (as was
derived earlier) R

i(t)=[i(0)—ZI,]e L +I, for 0<t<02s (3:10)

—10t
i(H)=5 —Se A for 0<t<02s

Professor Mohamad H. Hassoun 40
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First-Order Circuit Analysis Examples
Example #4 (Multiple switching)
Find the inductor

current. Assume that s 1 i

the initial inductor 5 A

current is zero at f = 0. is(0) 2Q 0.2 H
£(s)

Solution: (cont.)
The solution for the current forf > 0.2 s is given by

.|Note how the switching at 7,
(with I = 0) / other than zero changes the

_E(f-(ﬁ:r“ complete solutiuon.
i(N=[i02)-Isle L+ I; for t>02s ‘\j
——____\ H

We need to know current at f= 0.2 s. This is the initial condition for the second _ 10
switching operation. This is determined from the previous solution i(f)= 5 — Se A

evaluatedat F =02 s

—(10)(0.2) | —10(£-0.2)
(02)= 35 —Se = 4.32 A Therefore, i(f)=[4.32 - 0]e + 0 £>02s
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First-Order Circuit Analysis Examples
Example #4 (Multiple switching)

s l i(1)
5A
‘ (1) 20 0.2 H
0

0.2 t(s)

Summarizing:

6 T 1 T 1
_ — 1017 1q(1) =5 S-exp(-101)
(H)=5-5¢ A 0<ft<02s } _ i
4 i5(1) :=432-exp(-10(t - 02))
—10(z-0.2) = (L) =of[0st=2,14(1),15(D)
. E— t) =if{0St€2,14(1), 10t
1(!):432? A r:}ozs 2 \\ ( 1 2 j
0 / | I\_l |
0 0.2 0.4 0.6 n.g 1
it
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Alternative Solution Employing Linear Circuit Properties

Example #4 (Multiple switching)

Find the inductor _
current. Assume that s

the initial inductor

l i(?)
5A .
current is zeroat [ = 0. | (1) 2Q 0.2 H
0 0.2 t(s)

The nput current source can be expressed as

where 1(7) is the unit
Sfu() - u(r-02)] A Uhere s

is(t) = igq + is; = 5u(t) — 5u(t — 0.2)

The inductor current response i4(t) for the mput iy, = Su(t)
was obtained earlier:

i;(t) =51 — e 1%)u(e)

Employing the scaling and shift properties of linear circuits we can now express
the response of the inductor current to the i, (t) = —5u(t — 0.2) component as,

i,(t) = —=5(1 — e~10(t=02)yy; (¢t — 0.2)

Professor Mohamad H. Hassoun
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Alternative Solution Employing Linear Circuit Properties

Finally, by employing the superposition properties we can express the complete
inductor current response as,

i(0) =iy (t) +ix(t) = 5(1 — e 1%)u(t) — 5(1 — e~ 1002 )y (¢ — 0.2)

rucial and must be

he unit-step terms are
etained!

Mathcad plot of the the inductor current:

u(t) = O(1)

i) = sl1— e %y — o 1- ¢ 00D [ g2

6
5
A A
o o
2
N
00 025 05 075 1
t
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General Expression for the Complete Solution of
First-Order Circuits Under Exponential Input

%Jr ax= f(f) with f(f):Ke_bi b=a

As before, the solution is the sum of the homogeneous solution and the
particular solution:

xX=xp+ X,

The homogeneous solution is independent of /(7). It was determined

earlier as _at

xp = Ae

The particular solution takes the form
Xp= Bg_br
B is determined by substituting the particular solution in the above
differential equation
—pBe P+ aBe™P = KoY
Bla-Db)=K
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General Expression for the Complete Solution of
First-Order Circuits Under Exponential Input

%Jr ax= f(f) with f(f):Ke_bi b=a

Now, we can express the complete solution of the above differential equation

as .

x(f) = Ae ¥ 4 ~bi

e
a—b

If we know the initial condition x(0), we can use it to solve forA4

.*a:(())I:AJrL
a—>b

K\“

¢
or A:‘ x(0)—
\ a->b;

K \‘ EJ—(H n K b

a-b, a—>b

4
x(t) = Lx(O) -
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Example: Complete Response of a Series RL
Circuit to an Exponential Voltage Source

Find 7(#)for > 0. Assume i(0) =2 A R=4Q 1‘22
Mesh Analysis: V(D) = o
di 10€_ Vv
— v, +Ri+v=0 withv=IL—
dt
L— i + Ri = vy
dt
di R 1
—+—i=—v
dt L L
ﬂ+4z—10€ = , >0
dt
This last result is the differential equa‘rion describing this circuit. It has
the general solution \ -
() —\ ) T T S P
—b/f a—>b

where x(f)=:(f) x(0)=i(0)=2A K=-10 a=4 bh=2
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Example: Complete Response of a Series RL
Circuit to an Exponential Voltage Source

Find 7 (¢)for 7> 0. Assume i(0) = 2 A, R=4Q 1&2

V(1) =
10e 2 v

Solution (cont.):

Substituting the constants from the previous slide in the general
solution form gives
10 \ 4t 10 _op;

4-2f T3-2°

/
((t)=| 2 -
b

or i(t)=-3e M+ 5.% A 150
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General Expression for the Complete Solution of
First-Order Circuits Under Exponential Input

%+ ax=f(t) with f(H=Ke 2 [p=a

As before, the solution is the sum of the homogeneous solution and the
particular solution:

X=X+ X

The homogeneous solution is independent of f (). It was determined
earlier as When the homogeneous solution

X, = AE?_{H already contains a term of the
_ _ same form as the forcing
The particular solution takes the form

function, we need to multiuply
the assumed form of the

Xp = Bfe_br —Bte

particular solution by f

B is determined by substituting the particular solution in the above
differential equation

— bee_br + Be_b‘f + ane_br = Ke_br
Bre V" (a—Db)+ Be Ut = kot

or B=K since hb=a
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General Expression for the Complete Solution of
First-Order Circuits Under Exponential Input

i ax=f@ with f()=Ke " [h=a

Therefore, Xp —Kte Vgt

The complete solution can then be expressed as

X)) =3 +x) = A 4 ke ™

where the constant A is determined from the initial
condition as x(0) = de” 0 +0=4

Finally, we get

x(f)= x(O)e_m + Kfe_m, t>0

Professor Mohamad H. Hassoun
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General Expression for the Complete Solution of
First-Order Circuits Under Sinusoidal Input

% +ax= f(f) with |f()= Ksm(wi)

Particular solution:  x,, = By sin(wr) + By cos(wi)

We solve for the constants by substituting x , in the differential equation,
as follows

wBy cos(wt) — wBs sin(wi) + aBy sm(wt) + aB, cos(wt) = K sin(wr)
or (aBy —wB>)sm(wt)+ (wBy +aBy)cos(wi) = Ksin(wi) + (0) cos(wr)

Now, by matching the coefficients of the sin and cos terms on both sides
of the equation, we get

(wBy +aB>y)=0
(@B —wBy)=K

_ ak —wK
Solving for By and B,, we get B=——5 B=——75
a” +w a” +w”
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General Expression for the Complete Solution of
First-Order Circuits Under Sinusoidal Input

§+ ax=f() with |£()= Ksin(wr)

The complete solution can then be expressed as

at

X(#) = xp +xp = Ae” ™ + By sm(wi) + By cos(wr)

where the constant A is determined from the initial condition as
¥(0)= 4e~ 4Oy By sm(w.0) + By cos(wQ)= A+ B,

or A=[x(0)~ By
Finally, the solution is

x(H) =[x(0)— B, ]e_mf + By sin(wt )+ By cos(wt), £> 0

akl — wk
where B =——— and By= ———
a~ +w~ a~ +w~
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General Expression for the Complete Solution of

First-Order Circuits Under Sinusoidal Input

dx

—+ ax= f(f) with

dt

J(f) = K cos(wt)

Note
cos term

By following a similar analysis to the preceding one, one can show that the
complete solution is given by

W
where B = ———
a=+w-

K ak

~

x(1) =[x(0)— ByJe™¥ + By sin(wr)+ B cos(wt), 1> 0

and B, :j'—

~

a~ +w”

Professor Mohamad H. Hassoun
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Summing Up
General Solution for the First-Order Differential Equation:

dx
—+ ax= j{I
7t /()
K X(D=[x0) - L1 £, >
a a
ke b=a () = [x([])— £ ]e—“’f LA g
a—b a—>b
Ke P p=q () = x(0)e ™ + Kte ™, >0
Ksm(wr) x(1) =[x(0)— Bz]é‘_m + By sm(wi)+ By cos(wit), >0
K cos(wi) \ ak K
where B| =——— and B, = i
a~+w a’ +w?
where B = ;PK 5 and B, = ak
a-+w a* +w?
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Response of First-Order Circuits to Sinusoidal Input

Example #1 Find the response v(f) for 1 |
the following circuit. i(F) L == w(h) g 4Q
Assume steady-state operation ’ () "
for negative time. e

Solution:

Since for f < 0 the current source is disconnected
and circuit is in steady-state, then initial capacitor
voltage is zero

v(0)=v0 )=0
KCL at top node A v
C—+—==i
dt R

or dv 1 :
— +—v=20sm(2f), >0
dr 2

And we identify the constants:

a=1/2, w=2, K=20

Professor Mohamad H. Hassoun
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i(f) =[10sm(20)ju(t) A

B 0 < ()
~10sin(2f) 120
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Response of First-Order Circuits to Sinusoidal Input

Example #1 Find the response V(f) for 1 |
the following circuit. iS(f}() LF 2k v(h) § 10
Assume steady-state operation
for negative time. e

Solution: (cont.)
The complete solution is determined from the previous table as

x(H) =[x(0)— B> ]e_m + By sm(wt)+ By cos(wt), 1> 0

where B = ak = and B, = —wf&j
a” +w” a” +w”
Hence,
M20) [ — (20
V(t’):‘ _2)29) etl? (1 2)(2 0)«]11(’"’) (2)2 )coﬂ(“f) vV
1f4+4; 1/4+4 1/4+4
V()= @e_r 2 +j—0au1(”f)— 116_0 cox(2f) V, t>0
| 7
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Response of First-Order Circuits to Sinusoidal Input
Plotting voltage Signal Using Mathcad

W)= 116—709‘”3 +i'—gsm(2r)— lgcos(zr) V, >0
u(t) := O(t)

0 160
—sin(2-t) — ——-cos(2-t) ju(t
. (2-1) - (2-1) Ju(t)

Steady-state
component

v(t) = L

Transient ‘/

15
cornponen‘l' ”

v(t) 0

B0 1 2 3456 7 8 9101112131415
t
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Verification using Matlab's Symbolic Toolbox solution.

dv 1 .
— 4+ —v=20sm(27), v(0) =
A (20), v(0)=0

Matlab Commands:

» U=dsolve({ 'Du+B.5xu=208=%xsin{2=t) ", 'v(B)=0");
» simple(v)

-160/17*cos(2*t)+UB/17%xsin(2*t)+160/17xexp(-1/2*t)

Compare ans. to:

160 s/ 40 160 .
\=——e '~ +—sm(2f)———cos(2f) V, >0
V) 17 17 (20 17 (20
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Verification using Matlab's Symbolic Toolbox solution.
Matlab Commands:

» U=dsolve( ' Du+B.S=xu=20%xcin{2=t}"', 'v{@)=0");
» simple{v)
-1608/17*xcos{2*t)+40/17xsin( 2=t )+ 168/ 17xexp(-1/2=t)

» ezplot{vu,[8,15])

2 Figure No. 1 - O] x|
File Edit Window Help

~1B0/17*cas(27)+40/1 7 sin(2 ") +1B0/A 7 rexp(-1/27)
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Ti89 Calculator ODE Solution Verification

Which can be put in the form we obtained earlier:

1
— —1
(160 2 40 | 160 \
v(t) ;= | —-¢ + —-sm(2-t) — —-cos(2-t
® Ll? 17 (20 17 ( )J
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Example

Employ Multisim to solve for the capacitor voltage

Assume the voltage source to be a train of small duration 1V pulses with
a frequency of 2 Hz (i.e., period of 0.5 sec). Experiment with different

pulse widths.

L.

1V

V(1) ~ A|é 40

:

_IVW_

wa

T

e

TH: (“_“ 001 F =
{

:ka)

Period T = 1/freq=1/2Hz=05s
Pulse width: A (0<A<T)

Professor Mohamad H. Hassoun
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Example (cont.)

m Electronics Workbench

A
""VS(I) a,-‘ |? 4&2
lv—‘ H H
|
S 001 F ==w(7)
)%
A~
kiRt s == 0.01F R
L
u Oscilloscope X|
zoon| GROUND -
TIME BASE TRIGGER
[0.10 s/ div =l Epge A x| =
: ¥ POS [0.00 =l LEVEL (000
e =1 | [l /A A/B| AUTO| A|B EXT]
CHANMEL A CHANNEL B
[soomD e B | (500 miviDiy =
¥ POS [0D00 =y pos |00 2
ac/o/B@ & | ac/o/BE =
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Example (cont.)

J.Vs(f) —s-lai-:—
1V
Duty cycle = 20% T H H .
I — t
/K ¥ \ !
Duty Cycle = %
Duty cycle = 50%
Duty cycle = 75%

Eamn

Professor Mohamad H. Hassoun
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Your turn: Solve for the capacitor voltage when the input current
source has the waveform shown in (a). Repeat for the waveform in (b).

Assume v(0) = 0. Plot the responses.

i(t) i(t)
+ A A
1F sin(t) 2
i(t) R =10 C = 1F == v(t) \
1 - h‘ t
P l 2 3
= - > t 2
(@) ~4}
Hint (Part a): i(t) = sin(t) u(t) + sin(t — @) u(t — m) Y
Employ shift and superposition properties
Ans. (plots)
1 T T
/N
;’f\‘\ T \ /’fffr
W osk | \ . v(1) \”\\ ;/
- ]l)f \'\ o 1\\ ;‘I
/ A = "\r'l -
,‘I \\\‘n.
0% ; 10 0 5 10
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The Operational Amplifier and RC Circuits
The Differ*en'ria’ror* Circuit

i
C ﬂ.—

Assume ideal op o lVV\I‘
amp: v, = 0, 1 =0 [l I Let us solve for
Ve () (;t?‘ ) the output voltage
Y asafunction of
_ v, the input voltage.
© "p'o = —RCTﬂ
Mesh #1: - dt
-Vg+tVe =0 or Ve = vg
Mesh #2: dv,

Therefore, v, = - Ri. = -RC

Ri+v,=0 orvg=-Ri © dt

dv
_ S . -
KCL at node a: ar VD = -RC —d'l' (SIHCE Ve = Vs)
i+i1:ic orizie
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The Operational Amplifier and RC Circuits
The Integrator Circuit

R C

1t If the circuit starts
Vo= “RC 1vsd7 +v5(0)| operation with zero
0 charge on its capacitor,

then v,(0)=0

Your turn: Derive the integrator
input/output relationship shown VO(O) = VC(O)
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The Operational Amplifier and RC Circuits

Workbench Example
Differentiator Circuit

This small
resistor is
used to
eliminate
damped
oscillations
in the
output
signal at
rising
edge.

Note: The negative sign in the formula causes dv
the differentiated signal to flip upside down. _RC )
0 — _—
dt
3L
,'M )
T—D—”
u Function Generator X|

“"“\.J"‘“l_.l‘l.l‘l”

FREQUENCY [120 5 [Hz [

DUTY CYCLE

m Electronics Warkbench 1

AMPLITUDE [2 Hlv &
OFFSET (=

Professor Mohamad H. Hassoun
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Verification:

120 Hz implies a 0.00833 s
period. The slope of the
linear rising edge of the 2V
amplitude input signal is:
2(amplitude)/(half period)

or slope =-4/0.00417 =
-960 V/s. Now,-(- 960)(RC)=
960(0.003) = 2.88 V which

is the output signal amplitude
displayed on the scope.

slop e

KA
\\/\
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Dif ferentiator (cont.)

Oscilloscope-XSC1

<

is2 ogtljrges Cgéon[)? I\.7A CT.agn;; |\78 Reverse

T2 [« #/| 20.000 ms 2.880 V -1.207V

T2-T1 20.000 ms 2.880V -3.200V Save Ext. Trigger
Timebase Channel A Channel B Trigger

Scale | 2 ms/Div Scale | 2 V/Div Scale |1 V/Div Edge |F£| % /| Al B | BExXt
X position | 0 Y position | 0 Y position | 0 Level |0 \Y
Y/T| Add  B/A A/B AC| 0 |DC @ AC|[ 0 || DC || - ® Type |Sing.| Nor. Auto | None

Professor Mohamad H. Hassoun
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Integrator Circuit

Demo
u Electronics Warkbench
B Function Generator X| p

S PR | l

| I Vy, =-—— [ vsdT + v,(0)
— ~ 0 33

FREQUENCY [120 B [Hz B RC
DUTY CYCLE 0
AMPLITUDE |2 HlLv B
OFFSET

- com +

o - © 1uf
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Input Output

¥ Oscilloscope-XSC1

L4

11 [«l» Time Channel_A Channel_B -
441.502 ps 5.155 mV 1.532 V Reverse
T2 [« || 441.502 ps 5.155 mV 1.532V
- 0.000 s 0.000 vV 0.000 Vv Save
U Ext. Trigger
Timebase Channel A Channel B Trigger
Scale | 2 ms/Div Scale | 1 V/Div Scale 1 V/Div Edge |F | | |A| B EX
[ X position 0 Y position | 0 Y position | 0 Level |0 Vv
Y/T| Add B/A A/B AC 0 ||DC o AC|| 0 || DC || - ® Type |Sing.| Nor. |Auto | None
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Integrator Circuit
Example

Determine and plot the output of the integrator circuit (for ¢ > 0) to the
input voltage signal v, (t) = 2sin(240mt). Assume v,(0) = 0, R =
3kQ and C = 1uF. (Note: The signal has a radian frequency of w =
240m which corresponds to a Hz frequency of f = % = 120Hz)

Solution:

t

1
v, = ~RC : Vs(t)dt + v,(0)

t
2sin(240mt)dt + 0

~ (3000)10-° fo

1000( 2 240 t) N t
_ 3 2407.[(:03( 71“[)‘0 o O.884COS(24OT[T)|O

— 0.884 cos(240mt) — 0.884

Repeat with
vs(t) = 2cos (240mt)

Professor Mohamad H. Hassoun
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¥ Function Generato...
Waveforms
ST P e Wy Py By

Signal Options

Oscilloscope-XSC1

Frequency | 120 Hz
Duty Cycle 50 Y%
Amplitude | 2 Vp
Offset 0 v
+ Commoan _
. .
|— —
| Time
CCE [ | E € no00s
+ = u «»
L -
T2-T1
- Timebase

3k0

OPAMP_3T_VIRTUAL

Capacitor

Label | Display | Value |Fault | Pins | User Fields

Capacitance (C):

Tolerance: 0 v oy

Component Type:

Hyperlink:

Additional SPICE Simulation Parameters

O

[+] mitial Conditions: | 0 v

Scale | 2 ms/Div
X position | 0
Y/T| Add|| B/A | A/B

Channel_A Channel_B
0.000 v -8.081 mv Reverse
Save
Ext. Trigger
Channel A Channel B Trigger
Scale | 1 V/Div Scale |1 V/Div Edge |£[%|[a B |Ba
Y position | 0 Y position | 0 Level |0 v
AC| 0 |[DC ® |AC|| 0 || DC||- ® Type Sing.| Mor. ||Auto | None

vs(t) = 2sin(240-7t)

vo(t) = 0.884 cos(240mt) — 0.884

3
2
1
vs(t)
— 0
vo(t)
-1
-2
20 0.002

0.004 0.006 0.008 0.01 0.012 0.014 0016 0.018 0.02
i
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A generalization of the above basic integrator is the inverting summing integrator shown below.
This circuit 1s the basis for the analog computers of the 50°s and 60’s era.

=0 vc(o)
C
_| |_
Rl
vinl(t) R -
v"lz(t) é N O VO(t)
vin3(t) S

The above circuit has the following input/output relationship,

v, (t) = — f

t

1 1 1
— v, +—; +—; d 0"

v (07) = vc(07) = v.(07)
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Practical Op-Amp Integrator Considerations:
Input Voltage Offset, Input Current Offset and DC Compensation

Certain modifications to the above integrator circuit are required in practice since the op amp i1s
not a perfect (ideal) device. For example, the output of a practical op amp (say the LM741)

saturates to a value close to one of its power supply voltages, even when both of its imnput
terminals are grounded. This 1s because the voltage difference between the +ve and —ve terminals

of the op amp is not a perfect zero. Practical op amps exhibit a small input offset voltage (about

ImV for the LM741 and S5SmV for the wideband LF 351) that causes the output to saturate. This
offset voltage 1s problematic for the mtegrator circuit: It results 1n a drift (cumulative summing)
of the output voltage. This problem may be overcome by zeroing the mput offset voltage.
Practical op amp ICs include a pair of voltage offset nulling terminals. These would be pins 1
and 5 for the LM741 and LF351 as depicted in the figure below.

[LM741/LF351

2=
1 8 | NC

OFFSET
NULL

IN- | 2 T}V
IN+ |3 6 [ OUT

-V; | 4 5 | OFFSET
NULL




A 10kQ potentiometer 1s placed between these two terminals, while the pot’s wiper (center pin)
is connected to the negative supply voltage (—V;), as shown in the figure below. The procedure
to minimize the offset voltage is to short the op amp input terminals (pin 2 and 3) to ground and
then adjust the pot until the output of the op amp approaches zero volts (as monitored on a
voltmeter).
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A second problem with some practical bipolar op amps (e.g., LM741) 1s the relatively large input
bias currents (on the order of 80nA). These are the currents that flow into the input terminals of
the op amp (ideally, they were assumed to be zero). The presence of the input bias current leads
to output voltage errors in amplifiers and integrators. One solution would be to add a resistor R
between the non-mverting mput and ground as shown 1n the figure below. Generally speaking,
this resistor 1s set to a value that is equal to the parallel combination of all resistors connected to
the inverting input of the op amp. For the basic integrator circuit, the value of this resistor R 1s
selected equal to that of the input resistor.

4| C

ER

On the other hand, the JFET LF351 op amp has very, very small mput bias currents (on the order
of 50pA) and there is no need for the above compensation resistor (but it does not hurt if 1t 1s

used).

+
o
=
o

An alternative solution to the input voltage offset and mnput current bias problems is to use (more
expensive) precision op amps, such as the OPA277. This precision op amp has a very small input
bias current (on the order of 0.5nA) and an ultra-low input offset voltage (on the order of

+ 10uV). For such precision op amps, there 1s usually no need for the above compensation
circuitry.



Integrator Practical Considerations (Cont.)

There 1s also one more problem with practical integrator circuits that one should pay close
attention to. It is possible for a tiny DC offset voltage to be present in the input signal. This offset
results 1n drift (cumulative summing) of the output voltage. Small DC offsets (V) lead to
steady accumulation of charge in the capacitor until the op amp output saturates. One practical
solution for eliminating output voltage drift is to provide another feedback path for DC through a

high valued resistor (say, Rr > R) in parallel with the capacitor as shown 1n the following
figure.

C

Your turn: Solve for v,(t),t > 0
|

with and without R;. Assume:
v,(0) =0, C = 0.1uF, and

R
A~
V in >‘—‘—‘Vout v, (t) = cos(2mt) + 107*

L % R What happens to v, (t) as t becomes

large.

This feedback resistor will hold the DC component contribution to the output voltage (through
the process of negative feedback) at a value of — % Vpc. For example, for V. = 0.1mV, Rp =

1MQ and R = 10kQ the DC component contribution to the output voltage is controlled at
—0.01 Volt. The addition of resistor R to the circuit should not affect the integrated signal

as long as the frequency of the input signal satisfies, f > anR .
F
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The dielectric absorption (DA) coefficient of a capacitor will also cause drift. A capacitor DA
significantly contributes to an op amp’s overall settling time; a capacitor with high DA does
not completely discharge, and the residual voltage leads to op amp output drift. This
problem can be minimized if a capacitor with low DA, such as polypropylene, polystyrene
and mica, is used. Electrolytic and tantalum capacitors exhibit high DA and must not be
used in op amp based integrators.

In summary, the following figure depicts the complete circuit for a practical inverting
integrator, employing the readily available LM741 (or LF351) op amp.

Polypropylene
Capacitor

The 1initial condition v, (0) can be set by charging the capacitor to that value. If the integrator is
to be reset to v,(0) = 0, we would simply briefly short circuit (discharge) the capacitor.



Experimental results for a practical integrator employing the
imprecise LM741 operational amplifier

Element values: R = 1M(), R = 10k(), C = 0.1uF (Polypropylene) and supply
voltages + V, = +15Volt. The input signal is a 2Vpp 159Hz (or 1000 rad/sec)
periodic signal (sine, square, or triangular) with zero offset and 50% duty cycle.

(The 10K pot is adjusted to eliminate the dc component in the output signal)

—O/C*

C
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The switch is used to set the
initial output to zero.
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(For better visualization, the scope inversion is switched ON on CH2 so that the
integrator output 1s multiplied by -1)

Sine wave input Square wave input

RIGOL ™ H 10 £ RIGOL ™0 H 100ms e 0.00000000ps T# 0.00V

- pling

DC
BW Limit

OFF

Probe

\/ Voltsoiv

Fine
Unit
« ™

Phati=2=-0000"* Freg=159 Hz

Invert OFF X . —— 0.00000000ps Ti@ ooy

Coupling

Invert ON
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Positive Feedback in Op-Amp Circuits
RC Relaxation Oscillator

The Schmitt trigger circuit (covered at the end of Chapter 6) utilized positive
feedback to switch (with hysteresis) between two states (voltage levels).
Adding a resistor and a capacitor to this circuit as shown in the figure below
results in a simple but elegant oscillator. The oscillator generates a square

wave with peak-to-peak voltage equals to V5. It can be shown that the Hz
1

2In (3)RC’

frequency of oscillation 1s f = <= |Your turn: Derive it.

(=1

=
v, __S
B i R, 2
— -V
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Solution of Differential Equations Employing

Operational Amplifier Circuits

Consider the first-order ordinary linear differential equation,

y(&) +8y(t) = f(t) or y(t) = f(t) —8y(t)

Integrating the above equation leads to,

y(t) = f (f(0) —8y(1))dr
0

Initial condition y(0)

Note: y = %

which can be realized as follows [this feedback formulation technique 1s

due to Lord Kelvin (1875)],

f(t) —-@—-— f . y(t)
L

8
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Solution of Differential Equations Employing
Operational Amplifier Circuits

f(t)-—-@—-— f (D)
-

8

v
f(f)-—*@—-——f — -1 g y(0)
L
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Solution of Differential Equations Employing
Operational Amplifier Circuits

- H-

- y(1)

£b) —~®+
1

R f(t) —8y(t) —y(t)
[ =
R
. R

v

Initial condition is set via the
capacitor voltage, y(0) = —v(0)

R
vl

N

AV
ChooseRC=1 = J_

8y(t) /
8R

y(t)

—BR in Section 7.9
% | (pp. 292-297)

Study the example

AN OV
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Solution of Differential Equations Employing
Operational Amplifier Circuits

Your turn: Determine the differential equation solved by

the following circuit.

I WF
10k 10K I —|
AAN E’HH 10k
" vy >——¢ W ;\/ “ y(t)
= = %?
Professor Mohamad H. Hassoun 85

Copyright 2000



Circuit Realization of the Lorenz System

Objective: Build an analog circuit consisting of
amplifiers, integrators and multipliers that implements
the diffusion-less Lorenz chaotic dynamical system,
and experimentally generate its phase-plane dynamics.

x = f(y — x)dt This is an example of a
nonlinear system that can't be

solved analytically. It can be

y:f—xzdt

solved by simulation (digital
numerical or analog)

zZ = f (xy — a)dt
Details
Multisim Circuit
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